This version March 19, 2007. 



On the rate of growth of Levy processes with no 
positive jumps conditioned to stay positive . 

J.C. PardcS 



1 Laboratoire de Probabilites et Modeles Aleatoires, Universite Pierre et Marie Curie, 4, Place Jussieu 
- 75252 Paris Cedex 05. E-mail: pardomil@ccr.jussieu.fr 



Abstract: In this article, we study the asymptotic behaviour of Levy processes with no positive 
jumps conditioned to stay positive. We establish integral tests for the lower envelope at and at +oo 
and an analogue of Khintchin's law of the iterated logarithm at and +oo, for the upper envelope. 

Key words: Levy processes conditioned to stay positive, Future infimum process, First and last 
passage times, Rate of growth, integral tests. 

A. M.S. Classification: 60 G 17, 60 G 51. 



1 Introduction and main results. 

Levy processes conditioned to stay positive have been introduced by Bertoin at the 
beginning of the nineties (see pQ, [2], [3]). These first studies are devoted to the special 
case where the Levy processes are spectrally one-sided. In a recent work Chaumont 
and Doney [9j studied more general cases. 

In this article, we are interested in the case when Levy processes have no positive jumps 
(or spectrally negative Levy processes). This case has been deeply studied by Bertoin 
in Chapter VII of [5]. This will be our basic reference. 

The aim of this note is to describe the lower and upper envelope at and at +oo of 
Levy processes with no positive jumps conditioned to stay positive throughout integral 
tests and laws of the iterated logarithm. 

For our purpose, we will first introduce some important properties of Levy processes 

with no positive jumps and then we will define the "conditioned" version. 

Let V denote the Skorokhod's space of cadlag paths with real values and defined on 
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the positive real half-line [0, oo) and P a probability measure defined on T> under which 
£ will be a real- valued Levy process with no positive jumps, that is its Levy measure 
has support in the negative real-half line. 

From the general theory of Levy processes (see Bertoin [5] or Sato [19J for background), 
we know that £ has finite exponential moments of arbitrary positive order. In particular 
£ satisfies 

E(exp{A£ t }) =exp{iV(A)}, A,t>0, 



where 



^(A) = a\ + \a 2 \ 2 + I (e Xx - 1 - \xl {x> . 1} )U(dx), A > 0, 

2 J(-oo,0) 



'(-oo,0) 

a G IR, o > and II is a measure that satisfies 



/ (lAx 2 )II(dx). 

J (-oo.O) 



'(-oo,0) 

The measure II is well-known as the Levy measure of the process £. 
According to Bertoin [5], the mapping ip : [0, oo) — > (— oo, oo) is convex and ultimately 
increasing. We denote its right-inverse on [0, oo) by $. Let us introduce the first 
passage time of £ by 

T x = inf {s : £ s > s} for x > 0. 

From Theorem VII. 1 in [5], we know that the process T = (T x ,x > 0) is a subordi- 
nator, killed at an independent exponential time if £ drifts towards — oo. The Laplace 
exponent of T is given by $, 

E^expj - XT X ] \ =exp{ -z$(A)}, X,t > 0. 

According to Bertoin [5] Chapter III, we know that 

$(A)=k + dA+/" (1 -e- Xx )v(dx), A>0, 

J(0,oa) 

where k is the killing rate, d is the drift coefficient and v is the Levy measure of the 
subordinator T which fulfils the following condition, 

(1 A x)u{dx) < oo. 

(0,oo) 



It is sometimes convenient to perform an integration by parts and rewrite $ as 

*(A) 
A 

Note that the killing rate and the drift coefficient are given by 

$(A) 



/■oo 

d + / e~ Xx i>(x)dx, with v(x) — k + u((x, oo)). 
io 



k = $(0) and d = lim 



A^+oo A 



In particular, the life time ( has an exponential distribution with parameter k > 
(( = +00 for k = 0). Hence, it is not difficult to deduce that £ drifts towards —00 if 
and only if $(0) > 0. 

In order to study the case when £ drifts towards —00, we will define the following 
probability measure, 



E(exp{$(0)£ t }lU), A^Tt- 



where Tt is the P-complete sigma-field generated by (£ s , s < t). Note that under F\ 
the process £ is still a Levy process with no positive jumps which drifts towards +00 
and its Laplace exponent is defined by ^(A) = ^($(0) + A), A > 0. Moreover the first 
passage process T is still a subordinator with Laplace exponent &(\) = $(A) — $(0). 
Since £ has no positive jumps, we can solve the so-called two-sided-exit problem in 
explicit form. This problem consists in determining the probability that £ makes its 
first exit from an interval [— x, y] (x, y > 0) at the upper boundary point. More 



precisely, 

PI inf £ t > -x 



W{x) 



W(x + y)' 

where W : [0, 00) — > [0, 00) is the unique absolutely continuous increasing function 
with Laplace transform 



00 1 

Ax---' - ' 1 



e~ Ax W(x)dx = -^-y, for A > $(0). (1.1) 

The function W is well-known as the scale function and is necessary for the definition 
of Levy processes conditioned to stay positive. 

Using the Doob's theory of /i-transforms, we construct a new Markov process by an 
/i-transform of the law of the Levy process killed at time R = inf {t > : £t < 0} with 
the harmonic function W (see for instance Chapter VII in Bertoin [5], Chaumont [8] 
or Chaumont and Doney [9]), and its semigroup is given by 

Pi(£ 4 G dy) = ^|4^(6 e dy, t < R) for x > 0, 

where F x denotes the law of £ starting from x > 0. Under P£, £ is a process taking 
values in [0, 00). It will be referred to as the Levy process started at x and conditioned 
to stay positive. 

It is important to note that when £ drifts towards —00, we have that P], = Pj|J, for all 
x > 0. Hence the study of this case is reduced to the study of the processes which drift 
towards +00. 

Bertoin proved in [5] the existence of a measure Pj under which the process starts at 
and stays positive. In fact, the author in [5] proved that the probability measures P| 
converge as x goes to 0+ in the sense of finite-dimensional distributions to Pj := P^ 
and noted that this convergence also holds in the sense of Skorokhod. Several authors 
have studied this convergence, the most recent work is due to Chaumont and Doney 
[9]. In [9], the authors proved that this convergence holds in the sense of Skorokhod 
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under general hypothesis. 

Chaumont and Doney [5] also give a path decomposition of the process (£, Pj) at the 
time of its minimum. In particular, if m is the time at which £, under P£, attains its 
minimum, we have that under Pj. the pre-infimum process, (£t, < t < m), and the 
post-infimum process, (£t+ m — £ m , t > 0), are independent and the later has by law P^. 
Moreover, the process (£,P£) reaches its absolute minimum once only and its law is 
given by 

n.(U >y) = ^§^Mv<*Y (1-2) 

Recently, Chaumont and Pardo [TU] studied the lower envelope of positive self-similar 
Markov processes (or pssMp for short). In particular, the authors obtained integral 
tests at and at +oo, for the lower envelope of stable Levy processes with no positive 
jumps conditioned to stay positive and with index a G (1,2]; such processes are well- 
known examples of pssMp. More precisely, when X^ x > is the stable Levy process with 
no positive jumps conditioned to stay positive and with starting point x > 0, we have 
the following integral test for the lower envelope at and at +oo: let / be an increasing 
function, then 

P(X t (0) < /(*), i.o, as t - 0) = | J , according as jf f^pj ^ j j < ~ . 
Let / be an increasing function, then for all x > 0, 

F(A t < /(rj,i.o., as t — > oo) = < , according as 



( / t [ = oo 

Later, Pardo [TTJ studied the upper envelope of pssMp at and at +oo. In particular, 
the author noted that X^ x \ the stable Levy process with no positive jumps conditioned 
to stay positive, satisfies the following law of the iterated logarithm 

x (o) 

lim sup : , - — ,. - : , = c(a), P T — a.s., 

t ^ VA*(log|logt|) 1 - 1 A* v h 

where c(a) is a positive constant which depends on a. 
Moreover, Pardo [T7j also established that 

j(0) 

lim sup z , - — ,. - : , = c(a), P T — a.s., 

^(logllogtl) 1 " 1 /" 

x (o) _ j(0) 

Ul f_!o UP tV"(log|logt|)i-V a = C ^ PT " a ^ 

where is the future infimum process of X^ x \ i.e. J t = inf s > t Xs . It is important 
to note that the above laws of the iterated logarithm have been also obtained at +oo, 
for any starting point x > 0. 

Bertoin [I] studied the local rate of growth of Levy processes with no positive jumps. In 
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[I], the author noted that the sample path behaviour of a Levy process with no positive 
jumps £, immediately after a local minimum is the same as that of its conditioned 
version (£, P^) at the origin. The main result in [I] gives us a remarkable law of the 
iterated logarithm at an instant when the path attains a local minimum on the interval 
[0, 1]. We will recall this result for Levy processes conditioned to stay positive. 
With a misuse of notation, we will denote by $ and ip for the functions & and ip\ 
respectively; when we are in the case where the process £ drifts towards — oo. 

Theorem 1 (Bertoin, |4J) There is a finite positive constant k such that 

limMp 6ft(r'log|log t |) = ^ pt _ as 

t^ log | log 1 1 

It is important to note that the constant found by Bertoin satisfies k e [c, c + 7], where 
c is the same constant found below in Theorem 3 and 7 > 6. 

Bertoin presented in [1] a "geometric" proof using some path transformations that 
connect £ and its conditioned version (£, F 1 *). Here, we will present standard arguments 
involving probability tail estimates. 

Our main results requires the following hypothesis, for all /3 > 1 

(HI) liminf^@->0 and (H2) liminf^^->0. 

x^O lf)(ftx) x^+oc ^)((3x) 



Theorem 2 Let us suppose that (H2) is satisfaied, then there is a positive constant k 
such that, 

Hm {,»(«-■ log 1 bgti) pt _ aj 

t^o log I log 1 1 

Moreover, if condition (HI) is satisfied, then 

log I log 1 1 

Note that with our arguments, we found that k 6 [c, crj\ where of course rj > 1 and 
ci] > 3. We also remark that in particular (HI) and (H2) are satisfied under the 
assumption that ip is regularly varying at and at 00 with index a > 1. Under this 
assumption 

k = c= (l/a)- 1/a (l - l/a) 1 ^. 

The next result gives us a law of the iterated logarithm at and at +00 of the future 
infimum of (£, ¥'). This result extends the result of Pardo [TT] for the stable case. 

Theorem 3 Let J denote the future infimum process of £ ; defined by J t = inf s > t £ S7 
then there is a positive constant c such that, 

y ^(^logllogtl) . 
limSUp : rz j = C, P 1 — d.S., 

t-,o log log t\ 
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and 

r JMt- 1 log log t) pT 
limsup — j = c, F 1 — a.s. 

t^+oo log I log £ I 

If we assume that (H2) is satisfied, then 

limsup J 'TI? g|bgi|) =^ P'--., 



t->0 



log I logtl 



ie. that c = k. 

Moreover if (HI) is satisfied, then 



v JMt- 1 \og\ogt) T 

limsup — j = k, IP 1 — a.s., 

t ^ +OQ log I log 1 1 



i.e. that c = k. 



We now turn our attention to the Levy process conditioned to stay positive reflected 
at its future infimum. The following theorem extends the law of the iterated logarithm 
of Pardo [17] for the stable case. 
Let us suppose that for all (3 < 1 

(H3) limsup^^Ul and (H4) limsup^f^Ul. 
x ^ W(x) x^+oo W(x) 



Theorem 4 Under the hypothesis (H2) and (H3), we have that 

y (6- J^fMogllogtl) 

limsup - j = k, IP — a.s. 

t^o log | log 1 1 

Moreover if (HI) and (H4) are satisfied, then 

v ^t-Jt^jt-Hoglogt) 

limsup : j = k, Ir — a.s. 

t^+oo log | log 1 1 

Again conditions (H3) and (H4) are satisfied when if) is regularly varying at and at 
oo with index a > 1. 

The lower envelope of (£,P *) at and at oo is determined as follows, 

Theorem 5 If £ has unbounded variation and f : [0, oo) — > [0, oo) is an increasing 
function such that t — > f(t)/t decreases, one has 



liminf -jf-z = ^ -a.s. if and only if f f(x)v(dx) 
f\t) Jo 



oo. 



Moreover, 



if j f(x)u(dx) < oo then lim = oo F^-a.s. 
Jo J W 
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The lower envelope at +00 is determined as follows: if £ oscillates or drifts towards 
—00 and the function f : [0, 00) [0, 00) is increasing such that t — > f(t)/t decreases, 
one has 



C r+00 

lim inf — -— = F^-a.s. if and only if / f(x)v(dx) — 00. 
f{t) J 

Moreover, 

f(x)u(dx) < 00 then lim -— — = 00 P^-a 



The following result describes the lower envelope of the future infimum of (£, P^). In 
fact, we will deduce that (£,P T ) and its future infimum have the same lower functions. 

Theorem 6 (i) If £ has bounded variation, one has 

lim — = — P^-a.s. 
t^o t d 

(ii) If£ has unbounded variation and f : [0, 00) — > [0, 00) is an increasing function such 
that t — > f(t)/t decreases, one has 

liminf — = P^-a.s. if and only if [ f{x)v{dx) = 00. 

Moreover, 

if [ f(x)is(dx) < 00 then lim — ^— = 00 P^-a.s. 

(iii) //£ dri/fe to +00 one /ias 

lim — = — - — - F^-a.s. 
t E(7i) 

(iv) //£ oscillates or drifts to —00 and / : [0, 00) — > [0, 00) zs an increasing function 
such that the mapping t — > f(t)/t decreases, one has 

J r+°° 

liminf— — = P T -a.s. if and only if / /(x)^(dx) = 00. 
t-^+oo /(f) J 

Moreover, 

/+00 j 
/YxWdrr) < 00 then lim — — = 00 P^-a.s. 

Moreover, we have the following integral test for the lower functions in terms of <£>. 
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Proposition 1 (i) Let f : [0, oo) — > [0, oo) be an increasing function. 

If / x~ x f(x)&(l/x)dx < oo then lim — — = lim — - — = oo P^-a.s. 
7o /(*) fit) 

(ii) Lei / : [0, oo) — > [0, oo) fre an increasing function. 

x _ f(x)$(l/x)dx < oo t/ien lim -— — = lim — — = oo P'-a.s. 

t-^+oo /(t) t-^+oo /(*) 

The rest of this note consists of two sections, which are devoted to the following topics: 
Section 2 provides asymptotic results for the first and the last passage times of the 
process (£,P T ). In Section 3, we will prove the results presented above. 

2 First and last passage times. 

Let us recall the definition of the first and last passage time of (£, P^) or to simplify 
our notation, 

Tj = inf jt > : £ t T > x j and V\ = sup jt > : £ t T < x| for x > 0. 

From Theorem VII. 18 in [5], we know that < t < T x ), the Levy process killed at its 
first passage time above x, under P', has the same law as the Levy process conditioned 
to stay positive time-reversed at its last passage time below x, [x— £ T , < t < U].). 

In particular, we deduce that JJ\ has the same law as T x and that W = iU],,x > 0) is 
a subordinator with Laplace exponent $(A) and therefore we obtain that the process 
£T drifts towards +oo. 

There exist a huge variety of results on the upper envelope of subordinators. Fristedt 
and Pruitt [12] proved a general law of the iterated logarithm which is valid for a wide 
class of subordinators. The sharper result on the lower envelope for subordinators is 
due to Pruitt [TS] . In his main result, he gave an important integral test. 
Bertoin [5] presents a more precise law of the iterated logarithm of subordinators 
than the result obtained by Fristedt and Pruitt but for a more restrictive class of 
subordinators. In his result, Bertoin supposes that ip is regularly varying at +oo with 
index a > 1 (see Theorems III. 11 and III. 14 in [5]). In particular, we have the following 
lemma. 

Lemma 1 The last passage time process W under the assumption that ip is regularly 
varying at +oo with index a > 1, satisfies 

. ^(s-MogiiogsQ i / ly- 1 

lim ml — : = — 1 , almost surely, 

x^o log | log x\ a \ a J 

and for large times, if we suppose that ip is regularly varying at with index a > 1, 
then 

Ulipix^ 1 loglogx) 1 / l x ' _ 



lim inf — - — ^ — = — ( 1 ] , almost surely. 

x^+oo log log x a \ a 
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Now, we turn our attention to the first passage time process. Note that due to the 



absence of positive jumps, for all x > 0, £ T = x, a.s. Hence from the strong Markov 



property, we have that = (Tj,x > 0) is an increasing process with independent 
increments but not stationary. 

Here we will use the results presented in Bertoin [5] and Lemma 1 to obtain the following 
law of the iterated logarithm for the first and last passage time of £L 

Proposition 2 Suppose that ip is regularly varying at +oo with index a > 1. Then 
the first passage time process satisfies the following law of the iterated logarithm, 

. ^(s-MogllogsQ 1 / IN"" 1 
hmmt — : = — 11 , almost surely, 



x^o log | logx| a \ a 

and for large times, if we suppose that ip is regularly varying at with index a > 1, we 
have 

Tlip(x~ l loglogx) 1 / l x ! '~ 



lim inf — = — 1 , almost surely. 

x^+co log log x a \ a J 

Proof of Proposition 2: We will only prove the result for small times since the proof 
for large times is very similar. For all x > 0, we see that Tj < Z7J, then from Lemma 
1 we obtain the upper bound 

^(x-Mogllogxl) ^( x -i log |i ogx |) i/ ' 

hmmt ; < hmmt — ' 1 



x^o log | log x | x^o log | log x | a \ a / 

Next, we prove the lower bound. With this purpose we establish the following lemma. 



Lemma 2 Assume that ip is regularly varying at +oo with index a > 1. Then for 
every constant C\ > 0, we have 

— logP^Tj < cg{x)J ~ ( 1 J I J log|logx|, as x — >• 0, 

where 

log I log x I 

9{t) 



•0(x 1 log|logx|) 



Proof of Lemma 2: We know that W is a subordinator and that ip is the inverse of the 
function $, then from Lemma III. 12 in Bertoin [5j, we see that 



-iogp(itf <<«(«)) 



l/(a-l) 

loe: I loerxl, as x — > 0. 



Then the upper bound is clear since for all x > we have that Tj < C/J. 

For the lower bound, let us first define the supremum process S = (S t ,t > 0) by 
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S t = sup 0<s<t £ s . Next, we fix e > 0, then by the Markov property 

^ {Jc l9 (x) > (1 - e)x) > F r (S Cig(x) > x, J Cig(x) > (1 - e)x) 

= J W P(TJ G dtj¥l(J cig(x y t > (1 - e)x) (2.3) 

> P(TJ < Cl (?(x))pT(j > (1 - e)x). 

From the definition of the future infimum process, it is clear that Jo is the absolute 
minimum of (£, P|) then by (11.21) 

p:(*>(i-w = ^. 

On the other hand, from (II .ip and applying the Tauberian and Monotone density 
theorems (see for instance Bertoin [5 J or Bingham et al [7]) we deduce that 

a 1 

W(x) ~ — r ; — — as x — > 0, 

V ; T(l + a)xip{l/x) 

hence, 

Fl(j > (I - e)x) ^ e {a ~V as x -> 0. (2.4) 

Now, since the last passage time process is the right inverse of the future infimum 
process, we have that 

P T (/e l9 (*) > (! - = ¥ ( U (l-e) X < CM*)), 

and applying Chebyshev's inequality, we have that for every A > 

W(ul_ e)x < c l9 {x)) < exp [Xc l9 {x) - (1 - e)x$(A)}, 

and thus 

-logP^ 1 ^ < c l9 {xfj > -Ac l9 {x) + (1 - e)x$(A). 

Next, we choose A = A(x) such that (1 — e)x$(A) = Klog|logx| for some positive 
constant K, that will be specified later on, then A = ip(K{\ — e)~ 1 x~ 1 log | logx|). 
Since i[) is regularly varying at oo with index a, we see that 

A = A(x) ~ K a (l - e)^^ 1 log | logx|). 

This implies 

-Xc l9 (x) + (1 - e)x<$>(\) ~(K- dK a (l - e)- a ) log | \ogx\ (x -> 0). 
We now choose K in such way that K — c\K a {\ — t)" a is maximal, that is 



K= (1 -eW^- 1 ) — 
10 



I \ i/(«-i) 



and 

/ 1 \l/(o-l) / 1 

k - Cl ^(i-r = (i -<>«<->(-) (i--)- 

In conclusion, we have established that 



1 \ / 1 \ V(a-l) 



{l-eY^-V (!--)( — ) < hminf \ ^ ~ y (2.5) 

V a/ \ c i a / log | log x | 

Hence from the inequality ( 12. 3ft and ( 12.41) and ( 12. 5p . we deduce 

/ t x / j \VM) -logP(Tj< Cl ^)) 
(1 _ e )«/(a-i) ( 1- - ) I — J < liminf x 7 



a/ \c\a J x^o log|logx 

and since e can be chosen arbitrarily small, the lemma is proved. 



Now we can prove the lower bound of the law of the iterated logarithm for TL Let 
(x n ) be a decreasing sequence of positive real numbers which converges to and let us 
define the event A n = {Tj n+1 < c\g(x n )}. Now, we choose x n = r n , for r < 1. From 
the first Borel-Cantelli's Lemma, if ^ n P(^4n) < oo, it follows 

Tj n+1 > c\g{r n ) almost surely, 

for all large n. Since the function g and the process are increasing, we have 

Tj > cg(x) for r n+1 < x < r n . 

Then, it is enough to prove that 5^ n P(Ai) < oo. In this direction, we take 

< cj < d < (a - l)"" 1 . 

Since ip is regularly varying and we can chose r close enough to 1, we see that for n 
sufficiently large 

"0+ 2 j 

\\dx 



HA n ) < P ( T i- < c '9(r n+2 )) < / P(Tj < dg(x)) 



n>no n>no 

and from Lemma 2 this last integral is finite since 

1\ / 1 \ V(a-1) 



X 



1-- — > 1 



with this we finish the proof. 



There also exist a huge variety of results for the upper envelope of subordinators, 
see for instance Chapter III of Bertoin [5]. Here, we will state with out proofs the main 
results for the upper envelope of U\ The proofs of the following results can be found 
in Chapter III of Bertoin [5] . 
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Proposition 3 (i) If d > one has 



w 

lim — = d almost surely. 

(ii) // d = and f : [0, oo) — > [0, oo) is an increasing function such that t — > f(t)/t 
increases, one has 

U\ f 

lim sup x = oo a.s. if and only if / v(f(t))dt = oo, 
*->o f[x) J 

where u{t) = z/((t, oo)). 
Moreover, 

f T T W 

if / v{ f(t))dt < oo then lim — - , = lim „, x . = almost surely. 

Jo f{x) x-+0f(x) 

(iii) 7/E(Ti) < oo one /ias 

lim — = E(Ti) almost surely. 

X^ = + OD X 

(iv) 7/E(Ti) is infinite and f : [0, oo) — > [0, oo) is an increasing function such that the 
mapping t — > f(t)/t increases, one has 

limsup yT^y = 00 a - s - */ an d on fy */ y v(f(t))dt = oo. 



Moreover, 

if / p(/ (i))di < oo £/ien lim x . = lim = almost surely. 

1 x^+oc f( X ) x^+oo f( x ) 



3 Proofs of the main results. 

For simplicity, we introduce the notation 



h(t) = 



log 


lo 






^{t- 1 log 


\ogt\) 



We start with the proof of the first part of Theorem 3, since a key result on subordi- 
nators due to Fristed and Pruitt [12] easily yields the result. The second part will be 
proved after the proof of Theorem 2, since the latter is necessary for its proof. 
Proof of Theorem 3 (first part): First we will observe that if}(\) = 0(A 2 ), as A goes to 
+oo, then A 1//2 = 0($(A)). Since the last passage time process W is a subordinator 
with Laplace exponent $ and the future infimum process is the right-inverse of the last 
passage times U\ then according to Theorem 2 and Remark on p. 176 in Fristed and 
Pruitt [12] , there exists a positive constant c such that 

r J^t-Mogllogtl) ? 

hmsup 7- ; = c, F 1 — a.s., 

t^o log log £ 
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and 

r JMt- 1 log log t) T 
hmsup — : = c, F'—a.s., 

t^+oo log log t 

then the first part of Theorem 3 is proved. ■ 

Proof of Theorem 2: We only prove the result for small times since the proof for large 
times is very similar. The lower bound is easy to deduce from Theorem 3 and since 
Jt — £t , where jj denotes the future infimum of Hence 

J^f 1 log | logt|) ^(^logllogtl) T 

c = limsup j j < hmsup : : P — a.s. 

t^o log I log 1 1 t-^o log I log £ I 

Now, we prove the upper bound. Let (x n ) be a decreasing sequence of positive real 
numbers which converges to 0, in particular we choose x n = r n , for r < 1. 
Recall that S is the supremum process of £, i.e. S t = sup < u < t (, u . We define the events 
A n = {S Xn > r)ch(x n+ i)}, where rj > c~ x (2 + r" 1 ) and S is the supremum process. 
From the first Borel-Cantelli's Lemma, if ^2 n ^ {A n ) < oo, it follows 



S r n < V ch{r n+1 ) P T -a.s., 



for all large n. Since the function h and the process S are increasing in a neighbourhood 
of 0, we have 

S t < r)ch{t) for r n+1 < t < r n , under P T . 

Then, it is enough to prove that ^2 n ^(A n ) < oo. In this direction, we will prove the 
following lemma, 

Lemma 3 Let < e < 1 and r < 1. If we assume that condition (H2) is satisfied then 
there exists a positive constant C (e) such that 

P T (J r n > (1 - e)r]ch{r n+1 )) > C(e)P T (A n ) as +oo. (3.6) 

Proof of Lemma 3: From the inequality (12. 3p . we have that 

P T (j r n > (1 - e)r)ch{r n+1 )) > Pj c/l(j . n+1) ( J > (1 - e) V ch(r n+1 ))^ (S r . n > V ch(r n+1 )), 
and since Jo is the absolute minimum of (£, Pj cfe ( r n+i)) then by (jl.2p 



P T „ +1 ,(J > (1 - e)rich(r n+1 )) - . 

On the other hand, an application of Proposition III. 1 in Bertoin [5] gives that there 
exist a positive real number K\ such that 

- w[x) - K ^^mry fora " * >0 - (37) 
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then it is clear that 

W \er]ch{r n+1 )) 2 _ x ^{l/r]ch{r n+1 )) 
W \r 1 ch(r n + 1 )) ~ ^ V(e" 1 /^(r™+ 1 )) ' 

From this inequality and condition (H2), there exist a positive constant (7(e) such that 
for n sufficiently large 

P T (j r n > (1 - e)r]ch{r n+1 )) > C(e)^'(S r u > rjch(r n+1 )), 

which proves our result. ■ 



Now, we prove the upper bound for the law of the iterated logarithm of (£,P T ). Fix 
< e < 1/(2 + r~ 1 ). Since J can be seen as the right inverse of U, it is straightforward 
that 

P T (j r . > (1 - e) V ch(r n+1 )) = P T (£/ (1 _ e)r , c/l(r n +1) < r"), 
and this probability is bounded from above by 

exp{Ar"}E T (exp { - Af/ (1 _ e)r , c/l(r n +1) }) = exp {\r n - (1 - e)??c/i(r" +1 )<l>(A)}, 

for every A > 0. We choose A = r~^ n+v> log | logr n+1 |, then 

P T (j r n > (1 - e)r]ch(r n+1 )) < exp { - ((1 - e)r]c - r' 1 ) log | logr" +1 ||, 

hence from the above inequality and Lemma 3, we have that 

C(e)J2^\A n ) < (log(n + l)) (1 ~ e)r?c ~ r " < +oo, 

n n 

since (1 — e)r\c — r" 1 > 1. 
Hence, we have 

limsup — 1— < rjc, P T -a.s., 
t^o h(t) 

for rjc > 3, since we can choose r close enough to 1. 
The two preceding parts show that 

limsup-^— G [c,r/c], P T -a.s. 
t_»o h(t) 

By the Blumenthal zero-one law, it must be a constant number k, P^— a.s. ■ 



Proof of Theorem 3 (second part): First we prove the result for large times. Assume 
that the additional hypothesis (H2) is satisfied. Since J t < £ t for every t > and 
Theorem 2, it is clear that 

limsup -—A- < limsup = k P^-a.s., 
t^+oo h(t) t^+oo h(t) 
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then the upper bound is proved. 
Now, fix e G (0, 1/2) and define 

From the above definition, it is clear that R n > n and that R n diverge a.s. as n goes 
to +00. From Theorem 2, we deduce that R n is finite a.s. 

Now, by fll.2p and since (£, P^) is a strong Markov process with no positive jumps, we 
have that 

=e'(p* (jiu ^y^ ifa.)) 

Now applying (13. 7L we have that 

and since the hypothesis (H2) is satisfied, an application of the Fatou-Lebesgue Theo- 
rem shows that 



which implies that 
Since i? n > 



lim P T ( , , Jfl " ; > (1 - 2e) ) > 0. 



p, {km- {1 - 2e) - for some ' - ") - pt (wt) - (1 " 2e) ) 

Therefore, for all e G (0, 1/2) 



> (1 - 2e), i.o., as t -> +00 > lim P T /*" > (1 - 2e) > 0. 



The event on the left hand side is in the upper-tail sigma-field r\tcr{C,l : s > t} which 
is trivial from Bertoin's construction of (£, P*) (see Theorem VII. 20 in [5]). Hence 

limsup-^- > fc(l-2e), P T - a.s., 
h[t) 
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and since e can be chosen arbitrarily small, the result for large times is proved. 

In order to prove the law of the iterated logarithm for small times, we now define the 

following stopping time 

Following same argument as above and assuming that (HI) is satisfied, we get that for 
a fixed e G (0, 1/2) and n sufficiently large 

jRn 



Next, we note that 



{km £ (1 - 2f) - for some p £ n ) £ p ' (wt) £ (1 - 2f) ) • 

Since R n converge a.s. to as n goes to oo, the conclusion follows taking the limit 
when n goes towards to +oo. ■ 



Proof of Theorem 4-' The proof of this theorem is very similar to the proof of the 
previous result. Following same arguments, we first prove the law of the iterated 
logarithm for large times. Assume that the hypothesis (H2) and (H3) are satisfied. 
Since Q — j} < £ t for every t and Theorem 2, it is clear that 

limsup ^ r-^ < limsup — ^- = k P^-a.s., 

t^ + OQ h(t) t^ + OO hit) 

then the upper bound is proved. 

Now, fix e G (0, 1/2) and similarly as the last proof we define 

Now, by fll.2p and since (£, ¥*) is a strong Markov process with no positive jumps, we 
have that 



5 Rr 



kh(R n ) 7 V " (1 - e 



EUfU Jo < 



1 -E T 



1 -e 
W{k{e){j Rn ) 



where k(e) = (1 - 2e)/(l - e). 

Since the hypothesis (H3) is satisfied, an application of the Fatou-Lebesgue Theorem 
shows that 



hmsupE 1 — -7— — < E 1 limsup — -7— — r - L 



< 1, 
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which implies that 



Again, since R n > n, 



lim pT t Jr, > (1 _ 2e) \ > 

n-»+oo \ kh(R n ) ) 



p * ( w - (1 " 24 for some ' - ") - pT (%^T " (1 " 2e) 

Therefore, for all e G (0, 1/2) 

F ' ( w £ (1 " 2e) ' i " M ( ^ + °°) £ A."' (%^f £ (1 " 2e) ) > 

The event on the left hand side is in the upper-tail sigma-field (l t a{^l : s > t} which 
is trivial, then 

limsup ^ 7 > fc(l -2e), P T - a.s., 

and since e can be chosen arbitrarily small, the result for large times is proved. 
Similarly as in the proof of the previous result, we can prove the result for small times 
using the following stopping time 

Following same argument as above and assuming that (HI) and (H4) are satisfied, we 
get that for a fixed e G (0, 1/2) and n sufficiently large 



P T f > (1 - 2e) ) > 0. 



Next, we note that 



£r„ — J r p 
kh(R, 



^>(l-Hfo.so mp > n )>p.(^>( 1 - 2e) ). 



Again, since R n converge a.s. to as n goes to oo, the conclusion follows taking the 
limit when n goes towards to +oo. ■ 

Proof of Theorem 5: Let (x n ) be a decreasing sequence such that limx„ = 0. We define 
the events 

A n = { There exist t G [C/J n+1 , E/£j such that & T < /(*)}■ 
Since C/J n tends to 0, a.s. when n goes to +oo , we have 

< < f(t), i.o., as t — > f = lim sup A„. 
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Let us chose x n = r n , for r < 1. Since / is increasing the following inclusions hold 
A n C | There exist t G [r n+1 ,r n ] such that tr </(£#)}, 



and 



jThere exist t G [r" +1 ,r n ] such that tr" 1 < /(t/J)} c ^ 
Then we prove the convergent part. Let us suppose that / satisfies 

f(x)u[dx) < oo. 



Hence from Theorem VI. 3. 2 in [13] and the fact that U* is a subordinator, we have 
that 

P T (V < f(U t ), i.o., as t -»• o) = 0, 

which implies that 

lim-^— = oo P T -a.s., 
t->o f(t) 

since we can replace / by cf, for any c > 1. 
Similarly, if / satisfies that 

f(x)u(dx) = oo, 



o 



again from Theorem VI. 3. 2 in [13], we have that 

F^tr- 1 < f(U t ), i.o., as t -»• o) = 1, 

which implies that 



liminf ^ 



since we can replace / by cf, for any c < 1. 

The integral test at +oo is very similar to this of small times, it is enough to take 
x n = r n , for r > 1 and follows the same arguments as in the proof for small times. ■ 

Proof of Theorem 6: The proof of parts (ii) and (iv) follows from the proof of Theorem 
5, it is enough to note that we can replace by in the sets A n . The proof of parts 
(i) and (Hi) follows from Proposition 4.4 in [6]. ■ 

Proof of Proposition 1: Similarly as in the proof of Theorem 5, let ( decreasing 
sequence such that limx n = and c > 1. We define the events 

A n = | There exist t G Pl n+V Uj x J such that & T < c/(t)|. 

Since Z/J tends to 0, a.s. when n goes to +oo , we have 

\ it < c f{t), i-°-> as t — >■ > = limsupy4 n . 

^ J n— >+oo 



Since / is increasing the following inclusion holds 

A n C [x n+1 < c f(uijy 

On the other hand 

P T (^ t+ i < cf{u Xn )) = P^r^Wc) < £4„), 

where f~ l is the right-inverse of /. 

Now, we take x n = cf(r n ), for r < 1. Since / is increasing and from the above equality, 
we get that 

P T (x n+1 < cf(U Xn j) < P T (r n+1 < E/c/(r»)) 

The obvious inequality 

P T (a < Utj < (1 -e" 1 )- 1 ^ -exp{ -t$(l/a)}), 
applied for t = cf(r n ) and a = r n+1 entails that 

P T (r n+1 < E/c/(r»)) < (1 - e- 1 )-^/^")^^-^). 

Since the mapping t — >■ t$(l/t) increases, it is not difficult to deduce that the function 
$ satisfies that 

$( r -("+ 1 )) < r _2 $(r (n_1) ). 

Hence, 

J2^(r n+1 <U cf(r ^ <C(r)J2 f f^Mr-^dt 

n>k n>k ^ n ~ 1 

k-l 

< C(r) / x- 1 f(x)^(l/x)dx. 
Jo 

Since the last integral is finite, by the Borel-Cantelli lemma, we deduce that 

P T (6<c/(t), i.o., asf->o) =0, 

for all c > 1, hence 

lim-r^— = oo, P T -a.s. 
t-o f(t) 

In order to prove that the future infimum satisfies the same result, we note first that 
we can replace ^ by its future infimum in the sets A n , and then the same arguments 
will give us the desired result. ■ 
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